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Abstract. In General Relativity, finding out the geodesics of a given spacetime manifold is
an important task because it determines which classical processes are dynamically forbid-
den. Conserved quantities play an important role in solving geodesic equations of a general
spacetime manifold. Furthermore, knowing all possible conserved quantities of a system tells
about the hidden symmetries of that system since, conserved quantities are deeply connected
with the symmetries of the system, which are very important in their own right. Conserved
quantities are also useful to capture certain features of spacetime manifold for an asymptotic
observer. In this article, we show the existence of these conserved charges and their algebra
for a class of dynamical systems in a generic curved spacetime.
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1 Introduction
For a system any physical quantity Q has, for each kinematically possible motion, a definite
numerical value (which could be vectorial or tensorial in nature) at each instant of time. If for
every dynamically allowed motion of that system it happens that dQdt = 0, we then say that
Q is conserved (or that Q is a constant of motion) for that particular physical system. It is
often found out that the same quantity Q (or a similar quantity) is a constant of motion for
some broad and interesting class of systems. We then assert a conservation theorem which is
in a way related to symmetries, characterizing the situations in which Q is conserved.
Conservation theorems are important for various reasons. First of all, conservation
theorems are generic statements about the types of motions that a dynamical law (or a class
of dynamical laws) allows. In particular, they provide information about certain types of
motion which are classically forbidden. Conservation theorems also give partial information
about the nature of a particular motion, even if the equations are too complicated to solve
analytically [1–4]. A conserved quantity provides a “first integral" of the equations of motion
(which is second order differential equation) and sometimes this is sufficient to essentially solve
the problem; other times it can be used to decouple a set of coupled differential equations.
In General Relativity (GR), dynamics of a system is often talked w.r.t affine parameter λ
which in certain cases can be chosen as coordinate time t. In an arbitrary spacetime manifold
one does not expect existence of any conserved quantities however, existence of Killing sym-
metries in special class of spacetime manifolds, makes it possible to define certain conserved
quantities easily. Furthermore, if the metric of chosen spacetime manifold is asymptotically
flat then it is straightforward to assign physical meaning to such quantities (for example an-
gular momentum, energy of a particle etc.) Another context, in which existence of conserved
quantities plays an important role is to find out integrability condition of a system which
basically says a 2n-dimensional hamiltonian system of ordinary differential equations (ODE)
is integrable [5–7] if it has n (functionally) independent constants of the motion that are "in
involution" where functionally independent means none of them can be written as a function
of the others and "in involution" means that their Poisson Brackets all vanish.
2 Algebra of Killing vectors
Given a spacetime manifold a general diffeomorphism is characterized by a vector field ξ,
defined over that spacetime manifold such that under following
x′ = x+ ξ =⇒ x′µ = xµ + ξµ(x) (2.1)
co-ordinate transformation,
δgαβ = L(ξ)gαβ = ∇αξβ +∇βξα = 0 (2.2)
Denoting Hµν ≡ ∇µξν +∇νξµ and using Killing equation, we obtain
0 = ∇µHνρ +∇ρHνµ −∇νHρµ
= ∇µ∇νξρ +∇µ∇ρξν +∇ρ∇νξµ +∇ρ∇µξν
−∇ν∇ρξµ −∇ν∇µξρ
= [∇µ,∇ν ]ξρ + [∇ρ,∇ν ]ξµ + {∇µ,∇ρ}ξν
= Rρµνλξλ +Rµρνλξλ + 2∇µ∇ρξν +Rνρµλξλ
=⇒ ∇µ∇ρξν = −1
2
Rνρµλξλ
(2.3)
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Using this relation, it can be shown that all the isometries of a given spacetime form a
Lie algebra. We show that the commutator of two isometries is another isometry
∇α[ξa, ξb]β +∇β[ξa, ξb]α = ∇α(ξµa∇µξbβ − ξµb∇µξaβ)
+∇β(ξλa∇λξbα − ξλb∇λξaα)
= ξµa∇α∇µξbβ − ξµb∇α∇µξaβ + ξµa∇β∇µξbα − ξλb∇β∇λξaα
+∇αξµa∇µξbβ −∇αξµb∇µξaβ +∇βξλa∇λξbα −∇βξλb∇λξaα
= −ξµa∇α∇βξbµ + ξλb∇α∇βξaλ − ξµa∇β∇αξbµ + ξλb∇β∇αξaλ
=
1
2
ξµa ξ
λ
b (Rµβαλ −Rλβαµ +Rµαβλ −Rλαβµ) = 0
(2.4)
Hence, this indicates that the mentioned commutator is a linear combination of other Killing
vector with constant coefficients, known as structure constants of the isometry algebra. In
general, if we consider {ξa, a = 1, . . . , r} represents a basis of linear space of Killing fields of
a spacetime manifold, the following mathematical statement is true
[ξa, ξb] = Ccabξc (2.5)
with Ccab = −Ccba. The isometry group is simply transitive if all Killing fields are linearly
independent, otherwise the group is multiply transitive.
3 Canonical formulation
Here we discuss the Poisson bracket formalism in hamiltonian mechanics in curved spacetime.
We provide here a covariant formulation of Poisson bracket which makes it easy to under-
stand dynamics of a given object in curved spacetime. Further, notion of conserved charges
associated to Killing symmetries is revisited and closure of their algebra is also shown in this
section.
3.1 Hamiltonian mechanics
Most often to study dynamics of a particle on a curved spacetime one would start with
following action
S = −
∫ √−gµνdxµdxν = −∫ √−gµν(x)x˙µx˙νdλ (3.1)
where λ is an affine parameter and ˙ represents derivative w.r.t λ. Extremizing this action is
equivalent to extremizing line-element which gives geodesic equations of that manifold.
There is another alternative choice of action which also leads to geodesic equations but
characterestically of different form
S =
1
2
∫
gµν(x)x˙
µx˙νdλ (3.2)
but both the action is equivalent from ‘einbin’ formalism point of view. Thereore, we start
with second action whose correspondence hamiltonian is
H =
1
2
gµνpµpν (3.3)
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which can be obtained through Legendre transformation and where pµ(λ) is the canonical
conjugate momentum variable defined by
pµ(λ) = gµν(x(λ))x˙
ν (3.4)
which translates geodesic equations in following form
dpµ
dλ
= ∂ρgµν
dxρ
dλ
dxν
dλ
+ gµν(x)
d2xν
dλ2
= ∂ρgµσ
dxρ
dλ
dxσ
dλ
− Γµρσ(x)dx
ρ
dλ
dxσ
dλ
=
dxρ
dλ
dxσ
dλ
(
∂ρgµσ − 1
2
∂ρgµσ − 1
2
∂σgµρ +
1
2
∂µgρσ
)
= Γσµρ
dxρ
dλ
dxσ
dλ
= Γσ ρµ pρpσ
(3.5)
The equations (3.4) and (3.5) constitute a pair of first order ODEs which is equivalent to
second order geodesic equations. Hamilton’s equations are the set of powerful results which
shows how to derive above two equations from hamiltonian H(λ) itself
dxµ
dλ
=
∂H
∂pµ
,
dpµ
dλ
= − ∂H
∂xµ
(3.6)
where H(λ) = 12g
µνpµpν .
3.2 Poisson bracket
With the definitions (3.6), one can show that any function F (xµ, pν) defined over phase space
spanned by canonical conjugate variables, changes along geodesic according to
dF
dλ
=
dxµ
dλ
∂F
∂xµ
+
dpµ
dλ
∂F
∂pµ
=
∂H
∂pµ
∂F
∂xµ
− ∂H
∂xµ
∂F
∂pµ
= {F,H}
(3.7)
where Poisson bracket of two functions of phase space variable is defined as follows
{F,G} = −{G,F} = ∂F
∂xµ
∂G
∂pµ
− ∂G
∂xµ
∂F
∂pµ
(3.8)
Anti-symmetry of Poisson bracket automatically ensures that time-independent hamiltonian
(which does not have explicit time dependence) is a conserved quantity since
{H,H} = 0 (3.9)
Poisson bracket also satisfies linearity in both of its arguments
{F, α1G1 + α2G2} = α1{F,G1}+ α2{F,G2}, ∀α, β ∈ C (3.10)
Another important property that it satisfies is the Jacobi identity
{F, {G,K}}+ {G, {K,F}}+ {K, {F,G}} = 0 (3.11)
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These properties also imply that the Poisson bracket of any two conserved quantities of
geodesic flow is also a conserved quantity of geodesic flow. If F,G satisfies {F,H} = 0 =
{G,H} then
{{F,G}, H} = {F, {G,H}} − {G, {F,H}} = 0 (3.12)
As H is itself a constant of motion on geodesics the above result are enough to establish
that constants of motion form a Lie-algebra, with Poisson bracket as Lie bracket. (We will
alternatively use the terms constant of motion and conserved quantity which are equivalent.)
Note that definition of Poisson bracket mentioned above is nor manifestly covariant,
which at first sight, seems to destroy the in buit covariance nature of GR. Since, the connetion
used in GR is symmetric [8] in its lower two indices, it helps us to extend the definition of
Poisson bracket, maintaining the general covariance
{F,G}∗ ≡ DµF ∂G
∂pµ
− ∂F
∂pµ
DµG (3.13)
where for functions over phase-space variables (which are scalar by nature), we define covariant
derivative as
DµF = ∂µF + Γλµνpλ
∂F
∂pν
(3.14)
Now note that for any two arbitrary phase-space functions
{F,G}∗ = ∂µF ∂G
∂pµ
− ∂F
∂pµ
∂µG
+ Γλµνpλ
(
∂F
∂pν
∂G
∂pµ
− ∂G
∂pν
∂F
∂pµ
)
= ∂µF
∂G
∂pµ
− ∂F
∂pµ
∂µG = {F,G}
(3.15)
whose shows both the definition of Poisson bracket numerically gives same value hence, for
sake of convenience we use the first definition from now onwards.
The second definition also preserves covariance manifestly for scalar functions which are
of the form J(x, p) = Jµ(x)pµ:
DµJ = pν∂µJν + ΓλµνpλJν
= (∂µJ
ν + Γνµλ)pν
= (∇µJν)pν
(3.16)
The manifestly covariant nature of Poisson bracket can also be extended to completely sym-
metric tensors of rank-n by contracting all indices with pµ’s which yields
T (x, p) =
1
n!
Tµ1...µnpµ1 . . . pµn (3.17)
A similar result can be obtained for antisymmetric tensors using Grassmann algebra.
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3.3 Conserved charges
Symmetry of geodesic structure generated by diffeomorphisms associated with Killing vector
fields implies conservation of certain quantity under geodesic flow. That quantity is obtained
through contraction of Killing vector field with momentum
J [ξ] = ξµpµ (3.18)
which is also a generator of symmetry transformations.
Since this is a scalar quantity, it is invariant under coordinate transformations. It gen-
erates a coordinate transformation to which we are familiar with
δxµ = {J [ξ], xµ} = −ξµ(x) (3.19)
which is nothing but the infinitesimal diffeomorphism. Similarly we can also find out the
variation of momentum under this generator which is
δpµ = {J [ξ], pµ} = ∂µξνpν (3.20)
which is also a coordinate dependent transformation. It can be explicitly checked that under
these two transformation, hamiltonian in (3.3) remains invariant which means
dJ [ξ]
dλ
= {J [ξ], H} = 0 (3.21)
This result was expected since hamiltonian depends on the coordinates only through metric
which is invariant under diffeomorphism [9] associated with Killing vector fields.
As we have seen that Killing equations are linear in nature and hence, it forms a linear
vector space. Let choose dimension of the vector space to be r, then any arbitrary Killing
vector field on this vector space can be written in terms of linear combination of basis vectors
{ei(x), i = 1, . . . , r}
ξ(αi) = α1e1(x) + . . . αrer(x) (3.22)
Hence, each such diffeomorphism under which metric remains invariant can be written as a
linear combination of r numbers of conserved generators/charges whose coefficients will also
be {αi}s
J [ξ] = α1J1 + . . .+ αrJr (3.23)
where Ji(x, p) = e
µ
i (x)pµ. Now, we show that these generators form a Lie-algebra under
Poisson bracket:
{Ji, Jj} = {J [ei], J [ej ]}
= {eµi pµ, eνj pν}
= eµi {pµ, eνj pν}+ {eµi , eνj pν}pµ
= −eµi ∂µeνj pν + eνj ∂νeµi pµ
= (eνj ∂νe
µ
i − eνi ∂νeµj )pµ
(3.24)
In (2.5) it is shown that the Killing vectors form a Lie-algebra, therefore,
[ei, ej ] = −(eνj∇νeµi − eνi∇νeµj )
= −(eνj ∂νeµi − eνi ∂νeµj ) + eνi eλjΓµνλ − eνj eλi Γµνλ
= −(eνj ∂νeµi − eνi ∂νeµj )
= Ckijek
(3.25)
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which shows
{Ji, Jj} = −Ckijeµkpµ = fkijJk (3.26)
where we denote fkij = −Ckij .
Since, {Ji} forms a linear vector space with a closed algebra under a Lie bracket (which
is Poisson bracket in this case) which is anti-symmetric and bilinear in its arguments hence,
it is proven that {Ji} form a Lie-algebra with structure constant fkij .
3.4 Conservation laws and algebra of conserved charges
It was established in previous section that associated with each continuous symmetries gener-
ated by Killing vector fields, one can define conservation laws or conserved quantities (denoted
by generators J) along geodesics. But the reverse statement is not true or in other words for
each conserved quantity along geodesic flow there might not be a Killing symmetry, and one
such example is hamiltonian of the system. This raises the next question - are there conserved
quantities, higher order in momenta?
Let define a general phase-space function J(x, p) on geodesic which is non-singular in
momentum variables that means it is possible to express the quantity in following manner
J(x, p) =
∞∑
k=0
1
k!
J (k)µ1,...,µkpµ1 . . . pµk (3.27)
where the expansion coefficients J (k)µ1,...,µk are completely symmetric in the interchange of
indices. Now we ask under what circumstatnces
dJ
dλ
= {J,H} = 0 (3.28)
In the leading order, it implies
∂J (0)
∂xµ
= 0 (3.29)
which shows J (0) to a constant which can be redefined and make it zero.
At first order one would find back the Killing equation
∇µJ (1)ν +∇νJ (1)µ = 0 (3.30)
because the term is linear in momentum. For the kth order following condition needs to be
satisfied
0 = [J (k)µ1,...,µkpµ1 . . . pµk , g
µνpµpν ]
= −
k∑
i=1
[J (k)µ1,...,µkpµ1 . . . pµi−1p
µi+1 . . . pµk∂µig
µνpµpν ]
+ ∂µJ
(k)µ1,...,µkpµ1 . . . pµkg
µνpν + ∂νJ
(k)µ1,...,µkpµ1 . . . pµkg
µνpµ
= −1
2
k∑
i=1
[J (k) µiµ1,...,µk p
µ1 . . . pµi−1pµi+1 . . . pµk∂µig
µνpµpν ]
+ ∂µJ
(k)µ1,...,µkpµ1 . . . pµkg
µνpν
=
k∑
i=1
[J (k) µiµ1,...,µk p
µ1 . . . pµi−1pµi+1 . . . pµkΓαβµig
αµgβνpµpν ]
+ ∂µJ
(k)µ1,...,µkpµ1 . . . pµkg
µνpν
(3.31)
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which can be written as follows
0 =
k∑
i=1
[J (k) βµ1,...,µkp
µ1 . . . pµi−1pµi+1 . . . p
µkΓµiµβg
µνpµipν ]
+ ∂µJ
(k)µ1,...,µkpµ1 . . . pµkg
µνpν
= pµpµ1 . . . pµk
(
∂µJ
(k)µ1,...,µk +
∑
i
ΓµiµβJ
(k)µ1,...,β,...,µk
)
= pµpµ1 . . . pµk∇µJ (k)µ1...µk
=⇒ 0 = ∇(µJ (k)µ1...µk)
(3.32)
These are nothing but the generalized Killing equations and solutions of these equations are
called Killing tensors. Just like Killing vectors, Killing tensors also act as a generator of
transformations but on phase space variables. Under action of this xµ changes by
δxµ = {J(x, p), xµ} = −J (1)µ −
∞∑
k=2
1
(k − 1)!J
(k)µµ2...µkpµ2 . . . pµk (3.33)
Note that these transformations are in general velocity dependent (specifically momentum
dependent) for higher order generators/charges.
Closure of the algebra between charges/generators (which are constants along geodesic
flow) of different order, follows from Jacobi identity of Poisson bracket
{J (k), J (l)} = {J (k)µ1...µkpµ1 . . . pµk , J (l)ν1...νlpν1 . . . pνl}
= −
k∑
i=1
J (k)µ1...µkpµ1 . . . pµi−1
∂J (l)ν1...νl
∂xµi
pµi+1 . . . pµkpν1 . . . pνl
+
l∑
j=1
pµ1 . . . pµkJ
(l)ν1...νlpν1 . . . pνj−1
∂J (k)µ1...µk
∂xνj
pνj+1 . . . pνl
≡ J˜ (k+l−1)σ1...σk+l−1pµ1 . . . pσk+l−1
=⇒ {J (k), J (l)} ∼ J (k+l−1)
(3.34)
Note that for l = 1 above equation tell us
{J (k), J (1)} ∼ J (k) (3.35)
which means algebra of charge/generator of any order with charge/generator of order one
(linear in momentum) is closed under Poisson bracket but it is not true for arbitrary values
of k and l.
Note also that the algebra shown in (3.34) is similar to Virasoro algebra [10, 11] which
is the algebra of infinite dimensional Killing vector space for 2-dimensional conformal field
theories [12–14].
4 Hamiltonians linear in momentum
4.1 Introduction
A hamiltonian quadratic in momentum naturally follows from Lagrangian which is quadratic
in coordinate velocities through Legendre transformations. But in certain cases one can
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approximate a Hamiltonian quadratic in momentum such a way that only the liner momentum
piece contained in it survives ultimately, one such example is shown here.
Consider a charged particle of charge q on 2-dimensional space in a magnetic field in
z-direction ~B = B0zˆ and for sake of simplicity we consider non-relativistic system. In that
case, hamiltonian is given by
H =
1
2m
(
~p+
q
c
~A
)2
=
~p2
2m
+
q
mc
~A.~p+
q2
2mc2
~A. ~A (4.1)
Now we choose circular gauge in which ~A = B02 (−y, x) which yields
H =
~p2
2m
+
qB0
2mc
(xpy − ypx) + q
2B20
8mc2
(x2 + y2) (4.2)
If we consider the quantity qB0c which is inverse of some time scale, is high in magnitude then
we can drop the first term (which is the kinetic term) in the hamiltonian which is valid for
heavily charged astrophysical object moving around Neutron stars or in accretion disk then
we obtain an effective hamiltonian which is of following form
Heff = ωc(xpy − ypx) + mω
2
c
2
(x2 + y2), ωc =
qB0
2mc
(4.3)
Note that the Hamilton’s equation for coordinate velocity becomes
x˙ = −ωcy, y˙ = ωcx (4.4)
which leads to two simple harmonic oscillator equations
x¨ = −ω2cx, y¨ = −ω2cy (4.5)
which shows that particle is trapped in closed orbit [15–17].
If pi
mωcxi
 1 then we can write the effective hamiltonian as follows
Heff = ωc(xpy − ypx) (4.6)
4.2 Conserved charges and their algebra
In this section we start with a general hamiltonian linear in momentum which is of following
form
H = ζµpµ (4.7)
where ζµ is a vector field defined over spacetime manifold and it’s a dimensionful quantity.
As earlier let define a general phase-space function K(x, p) on geodesic which is non-
singular in momentum variables that means it is possible to express the quantity in following
manner
K(x, p) =
∞∑
k=0
1
k!
K(k)µ1,...,µkpµ1 . . . pµk (4.8)
where the expansion coefficients K(k)µ1,...,µk are completely symmetric in the interchange of
indices. Now we ask under what circumstatnces
dK
dλ
= {K, H} = 0 (4.9)
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Hence, existence of a conserved charge of rank-k implies
0 = {K(k), H} = {K(k)µ1,...,µkpµ1 . . . pµk , ζµpµ}
= −
k∑
i=1
K(k)µ1,...,µkpµ1 . . . pµi−1
∂ζν
∂xµi
pνpµi+1 . . . pµk
+
∂K(k)µ1,...,µk
∂xν
ζνpµ1 . . . pµk
= −
k∑
i=1
K(k)µ1,...ν,...,µkpµ1 . . . pµi−1
∂ζµi
∂xν
pµipµi+1 . . . pµk
+
∂K(k)µ1,...,µk
∂xν
ζνpµ1 . . . pµk
= pµ1 . . . pµk
(
ζν
∂K(k)µ1,...,µk
∂xν
−
k∑
i=1
K(k)µ1,...ν,...,µk ∂ζ
µi
∂xν
)
= LζK(k)µ1...µkpµ1 . . . pµk
=⇒ LζK(k)µ1...µk = 0
(4.10)
which says mathematically that in order to be a conserved charge/generator Lie-derivative
of K(k)µ1...µk must be zero along the vector field ζµ. These set of conditions are completely
different from the earlier set of conditions in (3.32). Hence, depending on the existence of
solutions of above set of tensorial equation one can generate conserved charges of different
rank. One of the simplest quantities to look at are the vector fields {ξ(i)} for which the
Lie-bracket [ζ, ξ(i)] = 0 which gives set of conserved quantities {ξ(i)µpµ}s.
Note that the algebra of charges of different rank remains same as we have shown earlier,
which is
{K(k),K(l)} ∼ K(k+l−1) (4.11)
5 Spinning objects
5.1 Introduction
The dynamics of angular momentum and spin [18–24] of astrophysical objects plays an im-
portant role in the understanding of binary mergers and recent discovery of gravitational
waves [25–29] makes it possible to measure these properties in curved spacetime. Here, the
discussion is started by mentioning the Poisson algebra between phase-space variables for
point-like objects [30]. This is an idealization of a compact body since it neglects details of
the internal structure by assigning the point-like object with overall fixed position, momen-
tum and spin, known as the spinning-particle approximation. A large variety of models for
spinning particles is found in the literature [31–33].
5.2 Covariant phase-space structure
In order to specify a hamiltonian dynamical system, three ingredients are required which are
the phase space, identifying the dynamical degrees of freedom, the Poisson brackets between
these dynamical degrees of freedoom defining a symplectic structure [34–36]. The hamiltonian
generates the evolution of the system with given initial conditions by specifying a curve in
the phase space passing through the initial point. The parametrization of phase-space is not
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unique, since changes in the parametrization can be compensated by redefining the Poisson
brackets and the hamiltonian.
We start by defining spin-degrees of freedom, described by an anti-symmetric tensor Σµν
Sµ =
1
2
√−g ε
µνκλuνΣκλ, Z
µ = Σµνuν (5.1)
where uµ is a time-like unit vector satisfies uµuµ = −1. By construction above two quantities
satisfy following two conditions
Zµuµ = 0, S
µuµ = 0 (5.2)
which means they are space-like in nature.
The full set of phase-space co-ordinates of a spinning particle can be constructed using
position co-ordinate xµ, the covariant momentum pµ and the spin tensor Σµν , with antisym-
metric Poisson brackets
{xµ, pν} = δµν , {pµ, pν} =
1
2
ΣκλRκλµν
{Σµν , pλ} = ΓµλκΣνκ − ΓνλκΣµκ
{Σµν ,Σκλ} = gµκΣνλ − gµλΣνκ − gνκΣµλ + gνλΣµκ
(5.3)
Note that second Poisson bracket becomes trivial in a limit in which spin of the system
vanishes which is consistent.
It is quite simple task to check that these brackets are indeed closed in the sense that
they satisfy the Jacobi identities, hence a consistent symplectic structure is defined on the
phase space. To have a well-defined dynamical system we need to complete the phase-space
structure with a hamiltonian that generates proper-time evolution of the system. Here, we
choose free-particle hamiltonian in (3.3).
It can be shown explicitly that the chosen hamiltonian generates the following set of
proper-time evolution equations [30]
x˙µ = {xµ, H} =⇒ pµ = gµν x˙ν
p˙µ = {pµ, H} = Γνλµpν x˙λ +
1
2
ΣκλR νκλµpν
Σ˙µν = {Σµν , H} =⇒ Σ˙µν + Γµλκx˙λΣκν + Γνλκx˙λΣµκ = 0
(5.4)
Substituting first equation into second equation one would obtain
x¨µ + Γµνλx˙
ν x˙λ =
1
2
ΣκλR µκλ ν x˙
ν (5.5)
which reduces to familiar geodesic equation in Σ = 0 limit.
5.3 Conserved charges and their algebra
The previous construction of conserved charges does not hold here since, the presence of Σµν
tensor makes {pµ, pν} 6= 0. Here we start by looking at conditions in order to construct
conserved charges which are of following form
J =
∞∑
n=0
J (2n)µ1ν1µ2ν2...µnνn(x)Σµ1ν1 . . .Σµnνn (5.6)
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In order to construct conserved charges of rank-2k, following condition must be satisfied
0 = {J(2k)µ1ν1µ2ν2...µkνkΣµ1ν1 . . .Σµkνk , gµνpµpν}
=
∂J(2k)µ1ν1...µkνk
∂xµ
Σµ1ν1 . . .Σµkνkgµνpν
+
k∑
i=1
J(2k)µ1ν1...µkνkΣµ1ν1 . . .Σµi−1νi−1{Σµiνi , pµ}Σµi+1νi+1 . . .Σµkνkgµνpν
=
∂J(2k)µ1ν1...µkνk
∂xµ
Σµ1ν1 . . .Σµkνkgµνpν
−
k∑
i=1
J(2k)µ1ν1...µi−1νi−1λνi...µkνkΣµ1ν1 . . .Σµi−1νi−1ΓλµµiΣµiνiΣµi+1νi+1 . . .Σµkνkgµνpν
−
k∑
i=1
J(2k)µ1ν1...µi−1νi−1µiλ...µkνkΣµ1ν1 . . .Σµi−1νi−1ΓλµνiΣµiνiΣµi+1νi+1 . . .Σµkνkgµνpν
=
[
∂J(2k)µ1ν1...µkνk
∂xµ
−
k∑
i=1
(
J(2k)µ1ν1...µi−1νi−1λνi...µkνkΓλµµi + J(2k)µ1ν1...µi−1νi−1µiλ...µkνkΓλµνi
)]
× Σµ1ν1 . . .Σµi−1νi−1ΣµiνiΣµi+1νi+1 . . .Σµkνkgµνpν
=⇒ ∇µJ(2k)µ1ν1...µkνk = 0
(5.7)
where the transpositions of pairs (µiνi) are symmetric for J(2k) and it is anti-symmetric in
permutation between µi ↔ νi, ∀i.
Like previous case, here also
{J(2k),J(2l)} ∼ J(2k+2l−2) (5.8)
which follows from the algebra
{Σµν ,Σκλ} = gµκΣνλ − gµλΣνκ − gνκΣµλ + gνλΣµκ (5.9)
Like previous case, here also putting l = 1 makes the algebra closed but not for any other
arbitrary l value which require inclusion of infinite number higher-rank conserved charges
{J(2k),J(2)} ∼ J(2k) (5.10)
Next, we look at the conserved charges which are of the form Q(k)µ1...µkpµ1 . . . pµk which is
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rank-k and satisfy
0 = {Q(k)µ1...µkpµ1 . . . pµk , gµνpµpν}
=
1
(n+ 1)!
∇(µQ(k)µ1...µk)pµ1 . . . pµkpµ
+
k∑
i=1
Q(k)µ1...µkpµ1 . . . pµi−1{pµi , pµ}pµi+1 . . . pµkgµνpν
=
1
(n+ 1)!
∇(µQ(k)µ1...µk)pµ1 . . . pµkpµ
+
1
2
k∑
i=1
Q(k)µ1...µkpµ1 . . . pµi−1ΣκλRκλµiµpµi+1 . . . pµkgµνpν
=
1
(n+ 1)!
∇(µQ(k)µ1...µk)pµ1 . . . pµkpµ
+
1
2
k∑
i=1
Q(k)µ1...µi−1µµi+1...µkpµ1 . . . pµi−1ΣκλRκλµµipµi+1 . . . pµkgµiνpν
=
1
(n+ 1)!
∇(µQ(k)µ1...µk)pµ1 . . . pµkpµ
+
1
2
k∑
i=1
Q(k)µ1...µi−1µµi+1...µkpµ1 . . . pµi−1pµiΣκλR µiκλµ pµi+1 . . . pµk
=⇒ ∇(µQ(k)µ1...µk) = 0,
k∑
i=1
Q(k)µ1...µi−1µµi+1...µkR µiκλµ = 0
(5.11)
where the second condition in the last line implies
k∑
i=1
Q(k)µ1...µi−1µµi+1...µkR µiκλµ = [∇κ,∇λ]Q(k)µ1...µk = 0 (5.12)
As we can see that the inclusion of non-zero spin to the system in curved spacetime adds
further condition on Q(k) in order to make it conserved quantity.
This is an important point to notice that unlike previous case here
{Q(k),Q(l)}  Q(k+l−1) (5.13)
since in presence of non-zero spin
{pµ, pν} = 1
2
ΣκλRκλµν (5.14)
which makes the Poisson-bracket between these conserved quantities not closed.
Now we are looking conserved quantities which are mixed both in Σµνs and pλs in
following form
C(2k,l)λ1...λlµ1ν1...µkνk Σµ1ν1 . . .Σµkνkpλ1 . . . pλl (5.15)
which is of rank-(2k, l).
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Conservation of above quantities put following conditions on these quantities
0 = {C(2k,l)λ1...λlµ1ν1...µkνk Σµ1ν1 . . .Σµkνkpλ1 . . . pλl , gµνpµpν}
=⇒ ∇(µC(2k,l)µ1ν1...µkνk;|λ1...λl) = 0,
l∑
j=1
C(2k,l)λ1...λj−1µλj+1...λlµ1ν1...µkνk R λiλκµ = 0
∇µC(2k,l)λ1...λlµ1ν1...µkνk = 0
(5.16)
In the above set of conditions, first equation refers to covariant derivative acting on {λi}
indices and third equation refers to covariant derivative acts on lower indices pairwise (µi, νi).
Note that this suggests
{J(2k),J(2l)} ∼ J(2k+2l−2)
{Q(k),Q(l)} ∼ Q(k+l−1) + C(2,k+l−2)
{C(2k,l), C(2m,n)} ∼ C(2k+2m,l+n−1) + C(2k+2m−2,l+n) + C(2k+2m+2,l+n−2)
(5.17)
which form a closed algebra under Poisson bracket.
Whole procedure can be repeated again in principle for analyzing the case for hamilto-
nians linear in momentum.
Importance of finding such constants of motion or conserved quantities is that they are
helpful in the analysis of spinning particle dynamics. An obvious such conserved quantity is
the total spin
I =
1
2
gµκgνλΣ
µνΣκλ = SµS
µ + ZµZ
µ (5.18)
6 Spin coupled to curved spacetime
In this section, we show the conserved quantities for a hamiltonian of a moving object whose
spin is dynamically coupled to curvature of spacetime (suggested in [30]) in following way
H = H0 +HΣ
H0 =
1
2
gµνpµpν
HΣ =
κ
4
RµνκλΣµνΣκλ
(6.1)
where κ is a dimensionful quantity and strength of it is comparably small which also measures
geodesic deviations of the object in the curved spacetime. In this case, conditions need to be
satisfied by quantities in order to be conserved charges, become different because additional
term of the hamiltonian which captures spin-curvature coupling.
Now let’s start finding out the conditions for the conserved quantities of different form
in this case. First, start with following kind of quantities
0 = {J (2k)µ1ν1...µkνkΣµ1ν1 . . .Σµkνk , H0 +HΣ}
= pµ∇µJ (2k)µ1ν1...µkνkΣµ1ν1 . . .Σµkνk
+ {J (2k)µ1ν1...µkνkΣµ1ν1 . . .Σµkνk , HΣ}
(6.2)
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Now we compute the second term in the above equation, since first term is already derived
earlier.
{J (2k)µ1ν1...µkνkΣµ1ν1 . . .Σµkνk , HΣ}
=
κ
2
{J (2k)µ1ν1...µkνkΣµ1ν1 . . .Σµkνk ,Σµν}RµνκλΣκλ
=
κ
2
k∑
i=1
J (2k)µ1ν1...µkνkΣµ1ν1 . . .Σµi−1νi−1{Σµiνi ,Σµν}Σµi+1νi+1 . . .ΣµkνkRµνκλΣκλ
=
κ
2
k∑
i=1
J (2k)µ1ν1...µkνkΣµ1ν1 . . .Σµi−1νi−1(gµiµΣνiν − gµiνΣνiµ − gνiµΣµiν + gνiνΣµiµ)
× Σµi+1νi+1 . . .ΣµkνkRµνκλΣκλ
=
κ
2
k∑
i=1
[
Jµ1ν1...µkνkRµiνκλΣνiν + Jµ1ν1...µkνkRµiµκλΣνiµ − Jµ1ν1...µkνkRνiνκλΣµiν
− Jµ1ν1...µkνkRνiµκλΣµiµ
]
Σµ1ν1 . . .Σµi−1νi−1Σµi+1νi+1 . . .ΣµkνkΣκλ
= κ
k∑
i=1
[
− Jµ1ν1...ρνi...µkνkRρµiκλ − Jµ1ν1...µiρ...µkνkR
ρ
νiκλ
]
Σµ1ν1 . . .Σµiνi . . .Σµkνk
= −κ
[
[∇κ,∇λ]Jµ1ν1...µkνk
]
Σµ1ν1 . . .ΣµkνkΣκλ
(6.3)
Hence, in a nutshell the condition put in (6.2) becomes
pµ∇µJ (2k)µ1ν1...µkνk − κΣκλ
[
[∇κ,∇λ]J (2k)µ1ν1...µkνk
]
= 0, ∀ pµ, Σκλ
=⇒ ∇µJ (2k)µ1ν1...µkνk = 0 = [∇κ,∇λ]J (2k)µ1ν1...µkνk
(6.4)
Therefore, above two conditions need to be satisfied at same time in order J (2k)µ1ν1...µkνkΣµ1ν1 . . .Σµkνk
to be conserved charge.
There exist another class of quantities for which, the conditions need to be imposed in
order to make them conserved charges, shown below.
0 = {Q(k)µ1...µkpµ1 . . . pµk , H0 +HΣ}
=
1
(n+ 1)!
pµ∇(µQ(k)µ1...µk)p
µ1 . . . pµk +
1
2
Σκλ[∇κ,∇λ]Q(k)µ1...µkpµ1 . . . pµk
+ {Q(k)µ1...µkpµ1 . . . pµk , HΣ}
(6.5)
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Here, we only need to evaluate the following quantity
{Q(k)µ1...µkpµ1 . . . pµk , HΣ} =
κ
2
{Q(k)µ1...µkpµ1 . . . pµk ,Σµν}RµνκλΣκλ
=
κ
2
k∑
i=1
Q(k)µ1...µkpµ1 . . . pµi−1{pµi ,Σµν}pµi+1 . . . pµkRµνκλΣκλ
− κ
2
k∑
i=1
Q(k)µ1...µkpµ1 . . . pµi−1
∂Rµνλκ
∂xµi
pµi+1 . . . pµkΣ
µνΣκλ
= −κ
2
k∑
i=1
Q(k)µ1...µkpµ1 . . . pµi−1(ΓµµiρΣνρ − ΓνµiρΣµρ)pµi+1 . . . pµkRµνκλΣκλ
− κ
2
k∑
i=1
Q(k)µ1...µkpµ1 . . . pµi−1
∂Rµνλκ
∂xµi
pµi+1 . . . pµkΣ
κλΣµν
= −κ
2
k∑
i=1
Q(k)µ1...µkpµ1 . . . pµi−1
(
Σµν
∂Rµνλκ
∂xµi
+ ΓµµiρΣ
νρRµνκλ − ΓνµiρΣµρRµνκλ
)
pµi+1 . . . pµkΣ
κλ
= −κ
2
k∑
i=1
[
Q(k)µ1...µkpµ1 . . . pµi−1
(
∂(ΣµνRµνλκ)
∂xµi
− ΓµµiρΣρνRµνκλ − ΓνµiρΣµρRµνκλ
)
× pµi+1 . . . pµkΣκλ
]
(6.6)
Let’s define an anti-symmetric rank-2 tensor Σ˜κλ ≡ RµνκλΣµν , then
=⇒ {Q(k)µ1...µkpµ1 . . . pµk , HΣ}
= −κ
2
k∑
i=1
[
Q(k)µ1...µkpµ1 . . . pµi−1
(
Σκλ
∂Σ˜κλ
∂xµi
− ΓµµiρΣρνΣ˜µν − ΓνµiρΣµρΣ˜µν
)
pµi+1 . . . pµk
]
= −κ
2
k∑
i=1
[
Q(k)µ1...µkpµ1 . . . pµi−1(Σµν∇µiΣ˜µν)pµi+1 . . . pµk
]
= −κ
2
pµ1 . . . pµk−1
[
Q(k)λµ1...µk−1Σµν∇λΣ˜µν + . . .+Q(k)µ1...µk−1λΣµν∇λΣ˜µν
]
= −κ
2
pµ1 . . . pµk−1
(
Q(k)λµ1...µk−1 + . . .+Q(k)µ1...µk−1λ
)
Σµν∇λΣ˜µν
(6.7)
Therefore, altogether we have 3 conditions, need to be imposed
∇(µQ(k)µ1...µk) = 0, [∇κ,∇λ]Q
(k)
µ1...µk
= 0
Q(k)(λµ1...µk−1)∇λΣ˜µνΣµν = 0
(6.8)
in order to Q(k)µ1...µkpµ1 . . . pµk be conserved charge. There is another kind of conserved
charges which are mixed in momentum and Σµν . Those can also be obtained in similar way
using the above mathematical procedure.
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7 Discussion
In Newtonian mechanics, an isolated system of two point particles interacting under gravity
is exactly solvable and the resulting motion is periodic. The energy and angular momentum
are represented by two conserved integrals of motion which is a celebrated result in physics
community. The dynamics of binaries are nonlinear in nature in General Relativity due
to its inherent construction and hence, it is important to find the conserved quantities in
order to predict the dynamics or to extract information about dynamics in curved spacetime.
Conserved quantities also play a huge role in numerical relativity in terms of generating
new solutions for example, by adding a specified amount of angular momentum or spin to a
solution of the vacuum Einstein equations, producing a new solution with specified angular
momentum or spin but with only slightly perturbed energy-momentum vector for asymptotic
flat spacetimes.
In this article, we have shown the existence of the conserved quantities in terms of well-
posed partial differential equations in a generic curved spacetime even with no Killing vectors.
Conserved charges discussed in this article, are not associated with diffeomophism invariance
of spacetime or in other words Killing vector fields. Existence of these conserved charges are
independent of asymptotic structure of spacetime manifold. However, like Killing equations,
there also exist spacetime manifolds for which solutions of those partial differential equations
do not exist and as a result, these conserved charges don’t exist for dynamical systems in those
spacetime manifolds. Furthermore, we also discuss the closed algebra between these conserved
charges under the Poisson bracket both in free-particle case and also with non-minimal spin-
curvature coupling. It is shown that these conserved charges for a given dynamical system in
curved spacetime, form an infinite-dimensional Lie-algebra similar to the Virasoro algebra.
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